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An Introduction to Signal

Processing — Fourier Series,
Fourier Transforms, and
Convolution
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Outline

Some typical signals and values
Fourier series
Continuous and discrete Fourier transforms

Continuous and discrete convolution
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Waves

“A wave i1s a disturbance that
propagates through space and time,
usually with transference of energy.”

Wave function:

f(x,t) = ysin(kx — ort)
27

k= — “wave number”

A
@ = 27f “angular frequency”

\Y%
A=— “wave length”

f

displacement ——»

DS

3= wavelength

YV = amplitude

distanice ———»

v = speed in X direction
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Electromagnetic Spectrum

<— Increasing Frequency (V)
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Common Frequencies

* (Car motor: ~50 Hz (3000 rpm)
* Power lines: 50 Hz

e Ear: 20 Hz — 20 kHz
 Ultrasound: 20 kHz — 200 MHz

* Medical sonograph: ~2-18 MHz
e Watch quartz: 32 kHz

« CPU: 2-3 GHz

 GSM: 0.9/1.8 GHz
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Standard Waveforms

/\/\/\Sine/

Square

W

W

N

O
@
o



cPi-L

N

O
@
o

Sinusold (Sine Wave) 1n Time

/ 1 1

/ \ II \ | \__

/ /\\ 1 4 / \ ]

| \ | \ .

| \ ]

HIAREAA AR
T 1

II / \‘ / \\ B

/ ] \ | \‘ .

Y(t) = A-sin(ot + 0)

A :amplitude

@ : angular frequency

\ @ :phase
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Fourier Series
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Fourier Series

 Joseph Fourier (1768-1830) proposed that
any periodic function can be decomposed
into a sum of simple oscillating functions,
namely sines and cosines.
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X(t)
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v to+ T \_/ .*OLZT v time

“Any periodic function ...”

from: Robert W. Stewart, Daniel Garcia-Alis, “Concise DSP Tutorial”

11



—
ME
Df‘é

Disal
A
Ag R
T time
A 1 |
! >
time
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T/3
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time x(t) = Z A cos( j+z B, sin( j
BA r !
>
time

‘...can be decomposed into a sum of sines and cosines”

from: Robert W. Stewart, Daniel Garcia-Alis, “Concise DSP Tutorial” 12
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Fourier Series

f(t)= Zn 4, cos( 2727”) +Zn B, sm( 27;”)

* Suppose a 27 periodic function f(t) integrable on
[_TCD TC]

* The corresponding Fourier coefficients are:

A = 1 j f()cos(nt)dt, n>0
7T -7

B _1 j f(®)sin(n)dt, n>1
4 /1

13
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Complex Numbers Review

Rectangular form:C, =Re(C,) +iIm(C))

Euler's formula:e'” = cos@+ising

Polar form: C, =|C, |e'?

Magnitude : |C,

Phase : ¢

Re(C))=|C |cos 1;

Im(C,)=|C, |sng

n
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From Real to Complex Coetficients

Real Fourier coefficients: fO)y=4,+> I{A cos( Zﬂm) +B sin( 2mzﬂ- A,,B, eR

n= n T n T s L1y Py
Using the Euler relationships: e'” =cosm+isinw
e’ = cos(—w) +isin(—w) = cos®—isin
we can express sin and cos using 0 1 i 0 _ i
exponential functions = C0s W =——"——; sin@ = %

ma)ot

And substituting sin and cos 1(6) = 4, + Zoo[ y ( +e " j“ﬂ(e o _ pina H
- ' " 2 2i
we get (wo_ 27T/T)

aIld then f(t) A Z ( B ZB jeinwot + anw(An _;an jeinwot

We can now express our Fourier series with fO=>" Ce"™;C,eC

complex coefficients o €
15
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Complex Fourier Coefficients

For 27t periodic function:

o0
Fourier series ()= Z C "
Nn=—00

Fourier coefficients C, = 1 j (e "™ dt
27 -

Rem (s. 14): C,, = |Cn|ei‘P Magnitude: |C,,| Phase: ¢

16



\S
i

cPrL
Fourier Series for Arbitrary Period
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f(t)= ijo A cos( 27;7”) +Zj:1 B, sin(%)

* Suppose {(t) periodic in T and integrable on this period
* The corresponding Fourier coefficients are:

T/2

== [ r@ s

—T/Z

)dt n=0

)dt n=>1

f F() sin(=

—T/2

Note: compare with s. 13 expressions with T=2x
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Complex Coetficient for
Arbitrary Period

o
Fourier series f(t) = z C, e'"®@ot
n=—oo
) T/2
Fourier coefficients C, = = f f(t)e m@otdt
for T periodic function _T/2

Note: compare with s. 16 expressions with T=2x
Rem (s. 14): C, = |C,|e' Magnitude: |C,, | Phase: ¢ g
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Examples

Matlab demo on Fourier series

Associated to this book:
J. H. McClellan, R. W. Schafer, M. A. Yoder
“DSP First: A Multimedia Approach”, Prentice Hall, 1999.

Available for download here:

https://dspfirst.gatech.edu/matlab/

19
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Fourier Transform
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From Fourier Series to Transtorm

o f(t)
- an aperiodic signal
- view 1t as the limit of a periodic signal as 7—
- 1S a piecewise continuous, integrable (function space L!) or even a
square-integrable (function space L?) function

e
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[ 1)l de < o [ 1f@Pdr <

— o —a0

* For a periodic signal, the harmonic components are spaced w,= 2n/T
apart (w, = fundamental angular frequency)

* As T— o, ®y—0, and harmonic components are spaced closer and
closer in frequency forming a continuous spectrum
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Fourier Transtorm

Unitary, ordinary frequency notation

1€ = [ f@0)-eds

f0)= [ £(&)-e*"de

Notes:

f* 1s often replaced with F
the direct transform is also called “analysis equation”
the inverse transform 1s also called “synthesis equation”™
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Fourier
Transform

Inverse Fourier
Transform

22
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Fourier Transtorm
Non-unitary, angular frequency notation
1 o Fourier
F(w)= [ f()e™dt Transform
f ( t) _ J‘ Ja (a))ela)t do Inverse Fourier
Transform

Notes:

w= 2rx¢ — obtained from unitary, ordinary frequency transform with & = w/2x
F can be replaced with {*

In electrical engineering i is substituted by j (“1” booked for current)

Often, in order to emphasize the frequency response aspect, the imaginary
aspect of the transform is emphasized: F(w), F(iw), or F(jo) are all equivalent
notations 23
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Dirac Delta Function

o(t) =+ l
©) 0, t#0 o8

0.67

0.4f

f S(t)dt =1

Note: The height of the arrow (or small circle) 1s usually used to specify the
value of any multiplicative constant, which will give the area under the function;

the other convention is to write the area next to the arrowhead. [Wikipedia] »
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Common Fourier Transtorm

FT

(analysis equation)
T =

1.8 |
16 |
14 |
1.2 |
06 | 1
08

0.4 IFT 06 |

02 | (synthesis equation) 04|
027

0.8 |

-50 -40 -30 -20 -10 0 10 20 30 40 50 -50 -40 -30 -20 -10 O 10 20 30 40 50

Time [s] Frequency [HZz]

f(t)=35() & =1

25
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FT of a Dirac Impulse

f(t)=0(2)
F(&)= T f(H)e ™ dt = T S(H)e ™ dt =1

[ = | f(&)e*™dé = [e*™aé =5(1)

OHE

U
7]
o

Analysis
equation

Synthesis
equation

26
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Common Fourier Transtorm

1.8 |
16 |
14
127

0.8 |
0.6 |
04|
0.2 |

40 30 20 10 0 10 20 30 40 50
Time [s]

f@)=1

1L

0.8 r

0.6 +

04

0.2 ¢

0

-50 40 -30 -20 -10 0 10 20 30 40 5g

Frequency [HZz]

f(&)=0(s)

N

O
@
0

27



EPFL A
Common Fourier Transform
-1 -0.8 —O.Siri—(;:]éO.ES]O 02 04 06 0.8 1 -10 -8 -6 F—:ecfue':C; [I_4IZ]6 8 10
£(t) = cos(2zat) ot “); o(E+a)

28
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Common Fourier Transtorm

1

1t 0.8
06 |
08|
04 r
06 |
02 r
04 0k
0.2 [ | -0.2 |
— ’ — 04
2 15 -1 05 0 0.5 1 1.5 2 -10 8 6 4 -2 0 2 4 6 8 10
Time [s] Frequency [HZ]

1) = rect(t) 7(&) = sinc(&)

29
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Linearity

Trans|
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Convolution

I

See s. 38 onwards
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Properties

h(t) = af (t) + bg(t) = ;\1(5) = a]/;(f) +bg (&)

R(O) = (¢ — to) = h(E) = e~2mitod £ ()
(O = 700 = h©) = 6 = 60

A(t) = f(at) = hE) = ()

IaI

A(E) = (f * 9)(0) = h(E) = (&) - §(&)
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Fourier Tables

NS
e

31



cPi-L

Fourier Transforms Table

Simple
example
s. 32

Fourier transform

unitary, angular frequency

Fourier transform

non-unitary, angular

frequency
Note x =t m e
on s. 20/21 [ J@ede | [ feda| [
01| rect{ax) . £ L W 1 R
m e (E) W 2mal B (Eﬂrﬂ.) |a| s (Erm,)
202 | sine(az) £ 1 W 1 R
H = (E) v Prad i (Eam.} |a| = (Erm)
203 | gine* () 1 £ 1 W 1w
H L4 = L . (E?m) |a| L (Eﬂ'ﬂ.)
204 | trifax) 1 . .ff 1 Lo 1 af ¥
— . 2 , v - _ . -
|a) e (g) o Pt sinc’ (Eaﬂ:) |a| RIE (211'&.)
205 | gmoTy () 1 1 1
a - 2mif y”??l:a. + #w) o+ i
W | Fo | L2 T 2
a Vaz © HE ¢
207 | g=sla] 2a F . 2a
az - ;11.1-2_52 \ ; ' ﬂ_ﬂ + wz ﬂ_i 1 ;_,..2

32
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Fourier Properties Table
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Combined
example
s. 33

Function Fourier transform Fourier transform Fourier transform
unitary, ordinary unitary, angular frequency § non-unitary, angular
frequency frequency
f() EGE | J@= L T =
r)e P dy | * e ™ dr z)e ?
0l a- f(z)+b-g(z) |a-fE)+b-3(6) |a-flw)+b-jw) a- fvy+b-§(v)
102 f(ﬂ: _ U'-J e—?win{f(‘f) e—imf{w} e—iauf(v)
103 ] g2mia f(z) fE-a) F(w — 2ma) f(v — 2ma)
104| f(az) 1 /€ 1w 1 v
mf (E) |a|f(a) |a|f(a)
105 f(a) £(-9) f(=w) ()
106 %f) (2mi€)"f(€) (iw)" f(w) ()" f(v)
e f(a) (L) iE) | adfw) 22 f@)
27 dgn dw™ dum
1081 (f * g)(z) F©)ie) Vor f(w)a(w) F)a(v)
91 f(z)g(=) (F*9)(©) (f *§)(w) 1 g
=0 —(f+9)®)

(B

33
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Simple Example

]
0.9 |
0.8 I
0.8 - 0.7 |
0.6 '
0.6 | : 05 I
04 |

04 71 03 I

02 1 02
0.1

2 -15 1 -05 O 05 1 15 2 -0 8 6 4 -2 0 2 4 6 8 10

Time [s] Frequency [HZ]

£(¢) = trian(?) 7(&) = sinc* (&)

34
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Combined Example

The Fourier transform of f(¢t)
|
|

0.2 -
0.1 -

0.5
04 -

f(¢) o3 r

cos(2m(3t))e~"t’

f(t)

- o © T o °o o ¥ © «©
s o© oS o S 9 < 9

095 /591040 ¢ 7@ 99e[[Ioso 09 sreadde () f

oy

35
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Discrete Fourier
Transform
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Discrete Fourier Transform

[ =F©&=[f@)e* "
N

—27rzkn

N—-1
X[k]=> x[n]-e ¥ ,k=0,---,N—1
n=0

* Input and output sequences are both finite (the integral becomes a finite sum)

* Both time and frequency domain are discrete (note the “[]”)

e Matlab, operating on a computer (1.e. a digital device) can only emulate
continuity/infinity and therefore use this discrete version with an adjustable
discretization level (in time, frequency, and amplitude) and finite bounds

e Also, since Matlab index start from 1, formulation is typically x[n+1], X[k+1]
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Discrete Fourier Transform
N-1 —27i
X[k] = Zx[n]-e N kn,k =0,---,N—1 DK
n=0
1 N-l @kn
X|n] = FZX[k] eV k=0,---,N—1 Inverse DFT
k=0

* Different from the Discrete-Time Fourier Transform (DTFT), see Week 4

» Efficient implementation, for instance in Matlab, 1s done using a Fast Fourier
Transform (FFT) algorithm (e.g., Cooley and Tukey, 1965)

* Clear correspondence with the Fourier series (see slide 16)
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Differences among Fourier Series,

Continuous and Discrete Transtorms

e
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1ISa

FI  f(O=F&= /@) di

—27rzkn

N—-1
DFT X[k]=> x[n]-e ¥ ,k=0,---,N—1
n=0

T/2

o 1 |
FS (0= ). G Cu=p [ f@e et

n=-oo ~T/2
/ 39



cPi-L

Convolution
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Convolution

(frg)t)=

e For each value of ¢:
1. Flip (reflect) g D g(r) > g(-7)

2. shigbyr DY
3. Multiply fand g _

4. Integrate over 7 -

* Note that the result does not depend on 7!

41
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Examples

Matlab demo on Continuous Convolution

Associated to this book:
J. H. McClellan, R. W. Schafer, M. A. Yoder
“DSP First: A Multimedia Approach”, Prentice Hall, 1999.

Available for download here:

https://dspfirst.gatech.edu/matlab/

42
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Examples
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2 151 050 05 1 15 2
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Examples

2 15 -1 05 0 05 1

1.5

2

4

08 |

06 |

0.4

0.2

?)Q

O
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2 15 -1 05 0 05 1

1.5

44
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2 451 050 05 1 15 2

Examples

.
0.8

04 |

0.2 |

2 15-1 050 05 1 15 2

1

0.8 |

0.6

04 |

0.2

DS
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0

2 451 050 05 1 15 2
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Examples

1
0.8 |
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2 15-1 050 05 1 15 2

1

0.8 |
0.6 |
04 |
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2 151 050 05 1 15 2
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Convolution in Time and
Frequency Domains

Time domain Frequency domain

h(1) = (f *)(1) & h(E) = [(&)- §(&) :
h(1) = f(2)- (1) = h(E) = (f *2)(&) :

h(t) =(f *g)(t) = H(w) = I'(w) G(o)

h(t) = f(2)- g(t)QH(w)—g(F*G)(w)

ary
frequency

Non-unitary, angular Unitary, or

% frequency
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Convolution Properties

Commutativity
frg=g*f

Associativity
JHR(g*h)=(f*g)*h
Distributivity
JrEg+h)=(f*g)+(f*h)

Associativity with scalar multiplication

a(f*g)=(af)*g=f *(ag)
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Discrete Convolution

(fgkn = [ f(x)-glt—r)dr

l

(f*g) Zf gln—m]

Notes:

Similar to the continuous version

The integral becomes an infinite sum (note: in theory no bounds on the sum by
definition as in the DFT)

In practice, a computer (1.e. a digital device), running Matlab for instance, can only
emulate continuity and therefore discrete time and quantized amplitude as well as
finite bounds of the convolution window are used
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Examples

Matlab demo on Discrete Convolution

Associated to this book:
J. H. McClellan, R. W. Schafer, M. A. Yoder
“DSP First: A Multimedia Approach”, Prentice Hall, 1999.

Available for download here:

https://dspfirst.gatech.edu/matlab/
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Conclusion
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Take Home Messages

* Fourier decomposition: every periodic signal can be
decomposed 1nto a sum of sines and cosines

* Fourier coefficients are the weights in this sum

* Fourier Transform (FT) for aperiodic signals

« Implementation on computers of Fourier transform is
discretized and bound: Discrete Fourier Transform (DFT)

* The Fast FT (FFT) 1s a fast algorithm for solving the DFT
. Propertles of FT and tables help to solve analytically

anal
e Mu]

freq

'ysis and synthesis equations

tiplication 1n time domain means convolution in

uency domain and vice versa

* Continuous vs. discrete convolution (analogy: FT vs. DFT)
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Additional Literature — Week 2

Related course material
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- Information, Calcul, Communication (ICC)
- Analysis IV

Books

e J. H. McClellan, R. W. Schafer, M. A. Yoder
“DSP First: A Multimedia Approach”, Prentice Hall, 1999.

* A. Oppenheim and A. S. Willsky with S. Nawab, “Signals
and Systems”, Prentice Hall, 1997.
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